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The interaction of intense mid-infrared laser fields with atoms and molecules leads to a range
of new opportunities, from the production of bright, coherent radiation in the soft x-ray range to
imaging molecular structures and dynamics with attosecond temporal and sub-angstrom spatial
resolution. However, all these effects, which rely on laser-driven recollision of an electron removed
by the strong laser field and the parent ion, suffer from the rapidly increasing role of the magnetic
field component of the driving pulse: the associated Lorentz force pushes the electrons off course in
their excursion and suppresses all recollision-based processes, including high harmonic generation,
elastic and inelastic scattering. Here we show how the use of two non-collinear beams with opposite
circular polarizations produces a forwards ellipticity which can be used to monitor, control, and
cancel the effect of the Lorentz force. This arrangement can thus be used to re-enable recollision-
based phenomena in regimes beyond the long-wavelength breakdown of the dipole approximation,
and it can be used to observe this breakdown in high-harmonic generation using currently-available
light sources.
Strong-field phenomena benefit from the use of long-
wavelength drivers. Indeed, for sufficiently intense fields,
the energy of the interaction scales as the square of the
driving wavelength, since with a longer period the elec-
tron has more time to harvest energy from the field. In
particular, long-wavelength drivers allow one to extend the
generation of high-order harmonics [1–3] towards the pro-
duction of short, bright pulses of x-ray radiation, currently
reaching into the keV range with thousands of harmonic
orders [4], and with driving laser wavelengths as long as
9 µm under consideration [5, 6].
However, this programme runs into a surprising limi-
tation in that the dipole approximation breaks down in
the long wavelength regime: as the wavelength increases,
the electron has progressively longer times to accelerate in
the field, and the magnetic Lorentz force Fm = v/c × B
becomes significant [7]. This pushes the electron along
the laser propagation direction and, when strong enough,
makes the electron wavepacket completely miss its parent
ion, quenching all recollision phenomena, including in par-
ticular high harmonic generation [8–15].
Multiple schemes have been proposed to overcome this
limitation, both on the side of the medium, from an-
tisymmetric molecular orbitals [16] through relativistic
beams of highly-charged ions [17] to exotic matter like
positronium [18] or muonic atoms [19], and on the side
of the driving fields, including counter-propagating mid-
IR beams [20, 21], the use of auxiliary fields propagating
in orthogonal directions [22], fine tailoring of the driv-
ing pulses [23], counter-propagating trains of attosecond
pulses [24] in the presence of strong magnetic fields [25], and
collinear and non-collinear x-ray initiated HHG [26, 27],
though in general these methods tend to be challenging
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to implement. Perhaps most promisingly, one can also use
the slight ellipticity in the propagation direction present in
very tightly focused laser beams [28, 29] and in waveguide
geometries.
Here we propose a simpler method for attaining a for-
wards ellipticity that can act in the same direction as the
Lorentz force, thereby re-enabling the harmonic emission
in the presence of magnetic effects, through the use of two
non-collinear counter-rotating circularly polarized beams
of equal intensity and wavelength, as shown in Fig. 1(a).
Normally, adding counter-rotating circular polarizations at
the same frequency results in linear polarizations; for non-
collinear beams, however, the planes of polarization do not
quite match, and this means that at certain positions in
the focus their components along the centerline will add
constructively. This results in a forwards ellipticity: that
is, elliptical polarizations with the unusual feature that the
minor axis of the polarization ellipse is aligned along the
centerline of the beam propagation.
FIG. 1. Two non-collinear circularly polarized beams (a) pro-
duce a polarization gradient across their focus in the transverse
direction (b), including points with forwards ellipticity. This
takes the usual linear trajectories (c) on a path to miss the
ion (d), cancelling out the effect of the Lorentz force (e) to
achieve one recollision per cycle (f), re-enabling the harmonic
emission.
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2This forwards ellipticity will tend to act in opposite di-
rections for electrons released in each half-cycle (shown in
Fig. 1(d)), as opposed to the Lorentz force, which acts al-
ways in the forwards direction (Fig. 1(e)), so one of the
trajectories does return to the ion (Fig. 1(f)). One impor-
tant consequence is that the symmetry between the two
half-cycles is broken [29, 30], creating an unbalanced inter-
ferometer. This allows one to clearly show the action of the
magnetic Lorentz force on the continuum electron in HHG
with high sensitivity, to complement the experimental con-
firmation of the long-wavelength breakdown of the dipole
approximation in ionization experiments [31, 32].
Here we extend the description of nondipole HHG to
cover non-collinear beam configurations. We show that
non-collinear beams can indeed recover harmonic emission
from damping by nondipole effects, and that the even har-
monics, as a signature of the nondipole effects, are readily
accessible to currently available laser sources.
The generation of harmonics using opposite circular po-
larizations, known as ‘bicircular’ fields, has been the sub-
ject of theoretical study for some time [33–38], and it
reached fruition with the use of an ω-2ω collinear scheme to
produce circularly polarized high harmonics [39, 40]. The
use of non-collinear beams was demonstrated recently [41],
and it permits the angular separation of the circular har-
monics, with opposite helicities appearing on opposite sides
of the far field, primed for generating circularly polarized
attosecond pulses [38, 41].
Importantly, a non-collinear arrangement allows the use
of a single frequency for both beams. As an initial ap-
proximation, the superposition of two opposite circular po-
larizations creates, locally, a linearly polarized field which
permits the generation of harmonics. Here, the relative
phase between the beams changes as one moves transver-
sally across the focus, and this rotates the direction of the
local polarization of the driving fields, and that of the emit-
ted harmonics with it. This forms a ‘polarization grating’
for the harmonics, which translates into angularly sepa-
rated circular polarizations in the far field [41].
Upon closer examination, however, the planes of polar-
ization of the two beams are at a slight angle, which means
that they have nonzero field components along the center-
line of the system. At certain points these components will
cancel, giving a linear polarization, but in general they will
yield the elliptical polarization shown in Fig. 1(b).
The possibility of forwards ellipticity in vacuum fields
runs counter to our usual intuition, and so far it has only
been considered in the context of a very tight laser fo-
cus [28]. Our configuration provides a flexible, readily avail-
able experimental setup. In particular, it allows the focal
spot size (and therefore the laser intensity) to be decoupled
from the degree of forwards ellipticity. This ability is cru-
cial, since it allows the ionization fraction to be tuned for
phase-matching (although reaching perfect phase matching
conditions in the x-ray region requires very high pressure-
length products because of the very long absorption lengths
in the x-ray region).
To bring things on a more concrete footing, we consider
the harmonics generated in a noble gas by two beams with
opposite circular polarizations propagating in the x, z plane
(as in Fig. 1(a)) with wavevectors
k± = k(± sin(θ), 0, cos(θ)), (1)
where the angle θ to the centerline on the z axis is typically
small. The vector potential therefore reads
A(r, t) =
∑
±
F
2ω
 cos(θ) cos(k± · r− ωt)± sin(k± · r− ωt)
± sin(θ) cos(k± · r− ωt)

=
F
ω
 cos(θ) cos(kz cos(θ)− ωt) cos(kx sin(θ))cos(kz cos(θ)− ωt) sin(kx sin(θ))
− sin(θ) sin(kz cos(θ)− ωt) sin(kx sin(θ))
 . (2)
As an initial approximation, for small θ, the polarization
planes coincide, and the polarization becomes linear, with
a direction which rotates across the focus:
A(r, t) ≈ F
ω
cos(kx sin(θ))sin(kx sin(θ))
0
 cos(ωt), (3)
where we set z = 0 and therefore just examine a single
transverse plane. However, when taken in full, the vector
potential has a slight ellipticity, with a maximal value of
ε = sin(θ) when kx sin(θ) = pi2 , in which case
A(r, t) =
F
ω
 0cos(ωt)
sin(θ) sin(ωt)
 . (4)
This forwards ellipticity acts in the same direction as the
magnetic Lorentz force of the beam, so it can be used
to control its effects as well as measure it, as exemplified
in Fig. 1. As we shall show below, the field in (4) will
produce even harmonics, through the symmetry breaking
shown in Fig. 1. Since the ellipticity of the full field (2)
varies across the focus, so does the strength of the even
harmonics, and this spatial variation in their production is
responsible for their appropriate far-field behaviour.
In experiments, the beam half-angle θ will typically be
small, on the order of 1◦ to 5◦ [41], with corresponding
ellipticities of up to ε = sin(θ) ≈ 9%, which is enough
to counteract even significant magnetic drifts while still
maintaining a flexible experimental scheme.
The generation of harmonics beyond the breakdown of
the dipole approximation has been described in a fully-
relativistic treatment [13, 14], but this can be relaxed to
the usual Strong-Field Approximation [42] with appropri-
ate modifications to include non-dipole effects [9–12, 22]. If
a single beam is present, non-dipole terms break the dipole
selection rules and produce even harmonics, but these are
polarized along the propagation direction and therefore do
not propagate on axis. The use of multiple beams in the
non-dipole regime allows for observable breakdowns of the
selection rules [30], but the available results are only valid
for restricted beam arrangements; here we extend the for-
malism of Kylstra et al. [10–12, 22] to arbitrary beam con-
figurations.
We start with the Coulomb-gauge hamiltonian, with the
spatial variation of A taken to first order in r,
HˆV =
1
2
(pˆ+A(rˆ, t))
2
+ Vˆ0 (5)
=
1
2
(pˆ+A(0, t) + (rˆ · ∇)A(0, t))2 + Vˆ0. (6)
(We use atomic units unless otherwise stated.) We then
perform a unitary transformation to |ΨL〉 = eirˆ·A(0,t) |ΨV 〉,
3as in the dipole case, and we define this as the length gauge.
Here the hamiltonian reads
HˆL =
1
2
(pˆ+ (rˆ · ∇)A(0, t))2 + rˆ · F(t) + Vˆ0, (7)
with F(t) = −∂A∂t (0, t). Moreover, we neglect terms in
((rˆ · ∇)A(0, t))2 for consistency, as they are of higher order
in kr, to get our final hamiltonian
HL =
pˆ2
2
+ rˆ · F(t) + rˆ · ∇A(t) · pˆ+ Vˆ0 = Hˆlas + Vˆ0. (8)
Here the gradient ∇A(t) denotes a matrix whose i, j-th
entry is
∂Aj
∂xi
(0, t), so in component notation the laser-only
hamiltonian reads
Hˆlas =
pˆ2
2
+ xˆjFj(t) + xˆj
∂Ak
∂xj
(t)pˆk, (9)
with summations over repeated indices understood.
Calculating the harmonic emission caused by the hamil-
tonian (8) is essentially as simple as in the dipole case, and
one only needs to modify the continuum wavefunction to
include the non-dipole term. The required states here are
non-dipole, non-relativistic Volkov states, which obey the
Schro¨dinger equation for the laser-only hamiltonian Hˆlas
and which remain eigenstates of the momentum operator
throughout. The dipole Volkov states are easily generalized
by first phrasing them in the form∣∣∣Ψ(V)p (t)〉 = e− i2 ∫ t pi(p,τ)2dτ |pi(p, t)〉 , (10)
where |pi(p, t)〉 is a plane wave at the kinematic momentum
pi(p, t) = p+A(t), and then finding appropriate modifica-
tions to pi(p, t). It is then easy to show that, to first order
in 1/c, the non-dipole Schro¨dinger equation is satisfied if
pi(p, t) = p+A(t)−
∫ t
∇A(τ) · (p+A(τ))dτ, (11)
using the fact that
∫ ∇Adτ ∼ kωA = 1cA for a monochro-
matic field.
The harmonic emission can then be calculated within the
SFA using the scheme from Ref. 2 by using the non-dipole
Volkov states as the continuum wavefunctions, which gives
a harmonic dipole of the form
D(t) =
∫ t
t0
dt′
∫
dpd(pi(p, t))eiS(p,t,t
′)F(t′) ·d(pi(p, t′))+c.c.
(12)
with the action given by
S(p, t, t′) = Ip(t− t′) + 1
2
∫ t
t′
pi(p, τ)2dτ. (13)
This is consistent with the results of Refs. 10–12, 22, and
it is generally valid for single-beam settings.
However, in the presence of multiple beams one must
modify the above formalism, because now the antideriva-
tive ∫ t
∇A(τ) ·A(τ)dτ, (14)
from Eq. (11), can no longer be uniquely defined. In gen-
eral, this occurs in the presence of multiple beams at non-
trivial angles and with nontrivial relative phases, but when
that happens the cross terms in∇A(τ)·A(τ) are oscillatory
about a nonzero average. This then causes the integral (14)
to contain a linearly-increasing term.
This effect is real and physical, and it reflects the fact
that the kinematic momentum pi is subject to a linear walk-
off: that is, a constant force in the x direction, orthogonal
to the laser propagation direction, z, in addition to the
usual oscillations (see Fig. 2). This constant force results
from the interplay between the magnetic field and the z-
direction velocity imparted by the elliptical electric field.
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FIG. 2. The trajectory (shown here projected to the x, z plane)
of a particle released at rest at the peak of the field from (2)
exhibits oscillations about a central position which accelerates
uniformly transversely across the focus, with a parabolic tra-
jectory. The effect is generally slight, and the parameters here
(1.6 µm beams at 1015 W/cm2 with θ = 20◦ at kx sin(θ) = 15◦)
are somewhat exaggerated, but the loss of periodicity in (12)
is serious. Similarly, the effect is only visually apparent over
multiple oscillations, but even on the first oscillation the effect
changes the time of recollision and therefore has a strong effect
on the harmonic emission. This effect is also present for drivers
with linear polarization in the common plane of propagation.
In practical terms, the effect is small but even in the first
period it affects the timing of the ionization and recollision
events, so it has a strong effect on the harmonic emission;
as such, if not handled correctly it can introduce noise in
a numerical spectrum at the same level as the signal.
From a mathematical perspective, this effect implies that
states (10, 11) cease to be Floquet states of the laser hamil-
tonian when the dipole approximation breaks down. The
Floquet states in this case are known in terms of Airy
functions [43] but those solutions are not particularly use-
ful in this context. The nondipole Volkov states we use
nevertheless form a basis of (approximate) solutions of the
Schro¨dinger equation, but they now require an initial con-
dition.
To choose the appropriate initial condition, we note that
the linear walk-off represents a secular term [44] in these
solutions, and we minimize the effect of this secular term
by choosing an explicit reference time at the moment of
ionization:
pi(p, t, t′) = p+A(t)−
∫ t
t′
∇A(τ) · (p+A(τ))dτ. (15)
This then trickles down to the action, and similarly to the
harmonic dipole.
4(a) 800 nm, 1015W/cm2 (b) 1.6 µm, 3.2× 1014W/cm2 (c) 1.6 µm, 1015W/cm2
|d
ip
o
le
a
c
c
e
le
ra
ti
o
n
|2
(a
rb
.
u
.)
0 50 100 150 0 50 100 150 200 250 300 350 0 200 400 600 800 1000
harmonic order harmonic order harmonic order
FIG. 3. Harmonic spectra (• odd and • even harmonics) produced in helium in the non-dipole regime for intensities of 3.2× 1014
and 1015 W/cm2 and monochromatic fields of 800 nm and 1.6 µm at a beam half-angle of θ = 4◦, on arbitrary scales and eliminating
z-polarized harmonics. The intensity ratio between even and odd harmonics varies from ∼10−3 for 800 nm drivers to ∼10% for
strong mid-IR fields at 1.6µm and 1015 W/cm2, which are still accessible with current technology.
This harmonic dipole is sufficient to evaluate the har-
monic emission from arbitrary beam configurations, and
it can be further simplified by the use of the saddle-point
approximation for the momentum integral, and the uni-
form approximation [45, 46] for the temporal integrations.
Figs. 3 and 4 show our calculations of the single-atom re-
sponse at locations in the focus where the forwards ellip-
ticity is maximal. Our implementation is available from
Refs. 47 and 48.
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FIG. 4. Above-threshold harmonic emission for a Ne6+ ion in
an 800 nm field of intensity I = 1017 W/cm2, calculated in the
uniform approximation using the first pair of quantum orbits,
and discarding z-polarized harmonics. For linear polarization,
the dipole-approximation emission drops by two orders of mag-
nitude when nondipole effects are included, but adding in even
a small forwards ellipticity at θ = 2◦ can help recover the har-
monic emission.
At high intensities, shown in Fig. 4, the presence of
nondipole effects causes a drop-off in intensity [22]. Adding
in a small amount of forwards ellipticity (at θ = 2◦) re-
enables much of the harmonic emission, though further op-
timization is possible here.
The breaking of the intra-cycle symmetry is visible at
much lower intensities, as shown in Fig. 3 for fields at
800 nm and 1.6 µm. In particular, the non-dipole even har-
monics begin to approach detectable intensities (between
0.1% and 1% of the intensity in the odd harmonics) even
at 800 nm, and they are on par with the odd harmonics
at 1.6 µm and 1015 W/cm2. Such pulses can be produced
using current optical parametric amplifiers, and they sit
below the saturation intensity of helium, eliminating the
need for highly charged species as a medium. The detec-
tion of non-dipole effects in HHG, then, can be done at
rather moderate wavelengths and at intensities and with
relatively simple experiments.
In addition to this, the even harmonics are also angu-
larly separated from the dipole-allowed odd harmonics.
This angular separation results from the conservation of
momentum, and it has been clearly demonstrated for the
dipole harmonics [41]: these must absorb an odd number
of photons, but the conservation of spin angular momen-
tum [36, 39] requires the harmonic to form from n photons
of one beam and n + 1 photons from the other, result-
ing in a net transverse momentum of ±~kx = ±~k sin(θ)
for the odd harmonics. The even harmonics represent the
parametric conversion of an even number of photons, via
the tensor operator rˆ⊗ pˆ :∇A, and they can therefore ab-
sorb either zero transversal momentum (resulting in linear
polarization along the y axis) or ±2~kx, with opposite cir-
cular polarizations. These even harmonics, then, appear
at distinctly resolvable spots in the far field, which greatly
simplifies their detection.
Finally, we note that it is the interferometric quality
of our scheme that enables the detection of nondipole ef-
fects, by unbalancing (both in phase and in amplitude)
the interferometer which would otherwise suppress the
even harmonics, and this changes the scaling of this be-
haviour. In general, the wavepacket displacement scales as
d ∝ F 2/2cω3, and the wavepacket width goes as ∆x ∝
F 1/2/ω(2Ip)
1/4 [49], so the normalized displacement scales
as
ζ =
d
∆x
∝ (2Ip)
1/4F 3/2
2cω2
.
The strength of the even harmonics, which arises from
an interferometric effect, is linear in ζ, while the drift-
induced reduction in harmonic emission follows the gaus-
sian shape of the wavepacket and therefore scales with
η = ζ2 = (d/∆x)2, which explains why the nondipole ef-
fects are accessible to current sources via our scheme but
still some way in the future as regards the harmonic effi-
ciency.
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